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Notation

Metric-Affine Gravity=MAG

coefficients cov. der. curvature
Independent conn. Aµ

a
b Dµ Fµν

a
b

LC conn. Γµ
a

b ∇µ Rµν
a

b

Also “Gauge theories of Gravity”
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What is the gauge group?

Not a physically meaningful question.
Same theory can be presented with different gauge groups.

Normally the gauge transformations are either the
diffeomorphisms. (coordinate frames)
or diffeomorphisms and local Lorentz transformations
(orthonormal frames)

Can enlarge the gauge group to diffeomorphisms and local
GL(4) transformations (arbitrary frames)
This makes sense because:

physics does not depend on the choice of frame in the
tangent bundle
in a general MAG the holonomy of the connection is GL(4),
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GL(4) formalism

In gravity we have a frame field (local linear bases) θa
µ and a

fiber metric gab. They are nonlinear objects
metric gab ∈ GL(4)/O(1,3), (signature −,+,+,+),
frame field θa

µ ∈ GL(4), (detθ ̸= 0),
They carry nonlinear realizations of GL(4).
Think of them as Goldstone bosons.

gµν(x) = θa
µ(x) θb

ν(x)gab(x)
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Transformations under GL(4)

Linear changes of basis=GL(4) gauge transformations

θ 7→ Λ−1θ

g 7→ ΛT gΛ

Two “unitary gauges” for GL(4):

θa
µ = δa

µ: coordinate frames - breaks GL(4) to {1}
metric formulation - breaks GL(4) to {1}
gab = ηab: orthonormal frames - breaks GL(4) to O(1,3)
vierbein formulation

not enough freedom to fix both.
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Torsion, Nonmetricity, Curvature

Let Aabc be an independent connection

Tµ
a
ν = ∂µθ

a
ν − ∂νθ

a
µ + Aµ

a
b θ

b
ν − Aν

a
b θ

b
µ

Qλab = −∂λgab + Aλ
c

a gcb + Aλ
c

b gac

Fµν
a

b = ∂µAν
a

b − ∂νAµ
a

b + Aµ
a

cAν
c

b − Aν
a

cAµ
c

b

T , Q are the covariant derivatives of the Goldstone bosons
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Cartan view of MAG

MAG as a theory of frame, metric, connection.

S(θa
µ,gab,Aµ

a
b)

Powers of T , Q, F and their D-covariant derivatives.
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The Levi-Civita connection

Unique connection with T = Q = 0

Γabc =
1
2
(
Ecab + Eabc − Ebac

)
+

1
2
(
Cabc + Cbac − Ccab

)
where Ecab = θ−1

c
λ ∂λgab

Cabc = gad θd
λ

(
θ−1

b
µ ∂µθ

−1
c
λ − θ−1

c
µ ∂µθ

−1
b
λ
)

Its curvature is the Riemann tensor

Rµν
a

b = ∂µΓν
a

b − ∂νΓµ
a

b + Γµ
a

cΓν
c

b − Γν
a

cΓµ
c

b
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Distortion, disformation, contortion

Any connection A can be split uniquely in

A = Γ +Φ

(“post–Riemannian decomposition”) where

ϕαβγ = Lαβγ + Kαβγ ,

Lαβγ =
1
2
(Qαβγ + Qγβα − Qβαγ) ,

Kαβγ =
1
2
(Tαβγ + Tβαγ − Tαγβ) .

conversely

Tαβγ = ϕαβγ − ϕγβα , Qαβγ = ϕαβγ + ϕαγβ
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Einstein view of MAG

Consequently

S(θa
µ,gab,Aµ

a
b) = S(θa

µ,gab, Γµ
a

b+ϕµ
a

b) = S′(θa
µ,gab,Φµ

a
b)

Powers of T , Q, R and their ∇-covariant derivatives.
Now T , Q are independent fields.
Any MAG is equivalent to a metric theory of gravity coupled to
some “matter” fields.
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Main kinematical sublasses of MAGs

F = Q = 0
antisymmetric

teleparallel

F = 0
general

teleparallel

F = T = 0
symmetric
teleparallel

T
=

0

sym
m

etric
M

AG

T = Q = 0
metric theories

Q
=

0
an

tis
ym

m
et

ric
M

AG

General MAG
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Dynamical equivalences: GR

Up to total derivatives, R is equivalent to

T =
1
4

TabcT abc +
1
2

TabcT acb − T b
baTc

ca

for the antisymmetric MAG,

Q =
1
4

QabcQabc − 1
2

QabcQbac − 1
4

Qb
abQac

c +
1
2

Qb
abQc

ca

for the symmetric MAG and

G = T+Q− QabcT abc − Qab
bTc

ca + Qb
baTc

ca .

for the general MAG.

Every metric theory has teleparallel equivalents.
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Some actions for MAG

Poincaré Gauge Theory (PGT) view Aµ[ab] and θa
µ as gauge

fields
and Fµν[ab] and Tµ

a
ν as field strength.

this motivates
L = aTT TT + cFF FF

In teleparallel case L = f (T) or f (Q).

Let us be systematic and order Lagrangians according to their
dimension. (T and Q have dimension one, F and R have
dimension 2).
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General action of MAG

In Cartan-variables and including terms of dimension 2 and 4:

L = aF F + aTT TT + aTQTQ + aQQQQ
+cFF FF

+cFT FDT + cFQFDQ + cTT (DT )2 + cTQDTDQ + cQQ(DQ)2

+cFTT FTT + cFTQFTQ + cFQQFQQ
+cTTT TTDT + . . .+ cQQQQQDQ
+cTTTT TTTT + . . .+ cQQQQQQQQ ,

Similar classification in Einstein variables. Large number of
invariants.
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Counting independent invariants of dimension 4

Antisymmetric (Christensen 1979)

R2 (∇T )2 R ∇T R T 2 T 2∇T T 4 Total
3 9 2 14 31 33 92

Symmetric

R2 (∇Q)2 R ∇Q R Q2 Q2∇Q Q4 Total
3 16 4 22 59 69 173

General

R2 (∇ϕ)2 R ∇ϕ R ϕ2 ϕ2∇ϕ ϕ4 Total
3 38 6 56 315 504 922
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Further kinematical restrictions: Weyl theory as MAG

In a symmetric MAG with

Qµαβ = bµgαβ

the quadratic MAG action collapses to

S(g) =
∫

d4x
√

g
[

g1 + 12g4

32πGg4
bµbµ +

g3

4
FµνFµν +

1
16πG

(2Λ− R)

]
which, introducing a Stückelberg field χ can be rewritten

S =

∫
d4x

√
g
[

g1 + 12g4

2
DµχDµχ+ g2χ

4 +
g3

4
FµνFµν − g4χ

2R(s)
]
.
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Weyl gauge field+dilaton

or equivalently

S =

∫
d4x

√
g
[g1

2
DµχDµχ+ g2χ

4 +
g3

4
FµνFµν − g4χ

2R(b)
]
.

Dµχ = (∂µ + bµ)χ.

D.M. Ghilencea, JHEP 03 (2019) 049, arXiv: 1812.08613 [hep-th]
D. Sauro, O. Zanusso, Class.Quant.Grav. 39 (2022) 18, 185001,
arXiv: 2203.08692 [hep-th]
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Gravitational Higgs mechanism in Cartan view

In Cartan-variables and in arbitrary frames (generic GL(4)
gauge)

SG(θ,g,A) = m2
∫

d4x
√
|g|

[
T···T ···+Q···Q···+T···Q···]

expanding around flat background: A = 0, θ = 1, g = η

Tµ
a
ν = Aµ

a
ν − Aν

a
µ

Qµab = Aµab + Aµba

kinetic term of Goldstone bosons becomes

SG = m2
∫

d4x
√
|g| A···A···

In general a non-degenerate quadratic form
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The Palatini term

SP(A,g, θ) =
m2

P
2

∫
d4x

√
|g| F (A)ab

ab

also gives

m2
P

2

∫
d4x

√
|g|

(
Aa

acAbc
b − AbacAacb

)
(a degenerate quadratic form)
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Gravitational Higgs mechanism in Einstein view

Using the post-Riemannian expansion
A = Γ +Φ

Tµ
a
ν = Φµ

a
ν − Φν

a
µ

Qµab = Φµab +Φµba

therefore (in any gauge and without assumptions on the background)

SG =

∫
d4x

√
|g| Φ···Φ

···
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Macroscopic gravity

If mass matrix is nondegenerate, assuming all masses are
O(m), at p ≪ m

Φ = 0 ⇐⇒ T = Q = 0 ⇐⇒ A = Γ (θ,g)

independent of the detailed form of the action.
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To summarize

MAG below the Planck scale looks like a low energy EFT where
Higgs phenomenon occurs at Planck scale.
Metric is the order parameter.

The conditions T = 0 and Q = 0 have the same status as
Dφ = 0 in superconductivity (Meissner effect) or similar
conditions in the EEχPT.

Core questions for quantum theory of spacetime:
what is the dynamical origin of the Planck scale?
why is there a nondegenerate metric?
is the metric fundamental or “emergent”?
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Scenarios

Natural to assume that all masses are m ∼ mP . No new d.o.f.s
in the domain of validity of the EFT. Then MAG as an EFT is
essentially indistinguishable from GR as an EFT.

Still has somewhat increased explanatory power:
explains dynamically the conditions T = Q = 0.

If there are eigenvalues m ≪ mP there may be new
propagating d.o.f.s in the domain of validity of the EFT.
What kind of states?
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Spinparity states

δgαβ or δθαβ

s a
TT 2+

4 , 0+
5 1+

4
TL 1−

7 1−
8

LL 0+
6 -

δAαβγ or Φαβγ

ts hs ha ta
TTT 3−, 1−

1 2−
1 , 1−

2 2−
2 , 1−

3 0−

TTL + TLT + LTT 2+
1 , 0+

1 - - 1+
3

3
2LTT - 2+

2 , 0+
2 1+

2 , -
TTL + TLT − 1

2LTT - 1+
1 2+

3 , 0+
3 -

TLL + LTL + LLT 1−
4 1−

5 1−
6 -

LLL 0+
4 - - -
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Spin projector formalism

The quadratic action for the variables A, h

S(2) =
1
2

∫
d4q
(2π)4

(
Aλµν O(AA) τρσ

(C) λµν Aτρσ

+2Aλµν O(Ah) ρσ
(C) λµν hρσ + hµν O(hh) ρσ

(C) µν hρσ

)
can be rewritten

1
2

∫
d4q
(2π)4

∑
JPij

aij(JP)ΨPij(JP)Ψ ,

where Ψ = (A,h), e.g in the A-A sector

1
2

∫
d4q
(2π)4

∑
JPij

aij(JP)AλµνPij(JP)λµν
τρσAτρσ ,
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Ghost- and tachyon-free MAGs

Antisymmetric MAG:
E. Sezgin and P. van Nieuwenhuizen, Phys. Rev. D21, (1980) 3269
Y.C. Lin, M.P. Hobson and A.N. Lasenby, arXiv:1812.02675

Symmetric MAG:
R.P. and E. Sezgin, Phys. Rev. D101, (2020) 084040
C. Marzo, Phys.Rev.D 105 (2022) 6, 065017

DIY MAG:
A. Baldazzi, O. Melichev and R.P. Ann.Phys. 438 (2022) 168757

measure zero in theory space
consistency only checked at level of free propagators
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A six-parameter family of symmetric MAGs

Projective invariance (δAλ
a

b = vλδa
b),

no spin 3−, only one (massless) spin 2+

S(g,A) = −1
2

∫
dnx

√
|g|

[
− 1

4
(10c7 + 3c11)Fµνρσ

(
Fµνρσ − 2Fµρνσ

)
+2F (13)

[µν]

(
c7F (13)µν + c11F (14)µν

)
− 2

3
(c7 + 4c11)F (14)

[µν] F
(14)µν

−a0F − 1
16

(15a0 + 120a6 + 28a7 − 22a8)QρµνQρµν

+
1
8
(9a0 + 40a6 − 28a7 − 6a8)QρµνQνµρ

+a6 QµQµ + a7 Q̃µQ̃µ +
1

72
(a0 + 8a6 − 4a7 + 74a8)QµQ̃µ

]
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New ghost and tachyon-free theories

No ghosts and tachyons provided

a0 > 0 , 4 a0 + 20 a6 − 7 a7 + 2 a8 < 0 ,

(a0 + 8a6 − 4a7 + 2a8)(89a0 + 520a6 − 212a7 + 82a8) > 0 ,

c11 < −2c7 for c7 ≤ 0 , or c11 < −10
3

c7 for c7 > 0 .

One massless spin 2+ one massive spin 2−, 1+ and 1− each
In Einstein form, contain no R2 terms. Non-renormalizable.
Probably radiatively unstable.
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Spin 2−

Antisymmetric MAG

L = bTT
1

[
− 1

3
∇µKνρσ∇µK νρσ − 1

3
∇µKνρσ∇µK ρνσ +∇µKα

αν∇µKβ
βν

+
1
3
∇µKµ

ρσ∇νK νρσ +
2
3
∇µKµ

ρσ∇νK ρνσ +
2
3
∇µKρ

µ
σ∇νK ρνσ

+
1
3
∇µKρ

µ
σ∇νK σνρ −∇µKα

α
µ∇νK β

β
ν + 2∇µKµν

ρ∇νKα
α
ρ
]

The Fourier transform of the linearized Lagrangian is

L = −1
2

K · q2 [P22
(
2−)− P33

(
1−)] · K
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Spin 3−

General MAG

L = −2bQQ
1

[ 1
4∇µQαβγ∇µQαβγ + 1

2∇µQαβγ∇µQβαγ

−∇µtr(12)Qα∇µtr(12)Qα −∇µtr(12)Qα∇µtr(23)Qα − 1
4∇µtr(23)Qα∇µtr(23)Qα

− 1
4 div(1)Qαβdiv(1)Qαβ − div(1)Qαβdiv(2)Qαβ − div(2)Q(αβ)div(2)Q(αβ)

−1
8 trdiv(1)Qαβ trdiv(1)Qαβ− 1

2 trdiv(1)Qαβ trdiv(2)Qαβ− 1
2 trdiv(2)Qαβ trdiv(2)Qαβ

+div(12)Qαtr(23)Qα + 1
2 div(23)Qαtr(23)Qα

+2div(12)Qαtr(12)Qα + div(23)Qαtr(12)Qα
]
,

where div(1)Qαβ = ∇λQλαβ etc.
propagates only a massless spin-3 state.
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Indeed setting Sαβγ = Q(αβγ), and bQQ
1 = 1/3 it becomes the

Fronsdal Lagrangian

L =
1
2

[
− q2SαβγSαβγ + 3q2tr(12)Sαtr(12)Sα

+3div(1)Sαβdiv(1)Sαβ +
3
2
(trdiv(1)S)2 − 6div(12)Sαtr(12)Sα

]
The “higher spin symmetry” δSαβγ = ∂(αΛβγ) is an accidental
symmetry.
Massive case under investigation
(restrictions as an EFT - see e.g. B. Bellazzini, F. Riva, J. Serra and
F. Sgarlata, JHEP 10 (2019), 189 [arXiv:1903.08664 [hep-th]])
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Extension to the UV

In Landau-Ginzburg theory and in the SM the Goldstone
bosons are embedded in a linear representation.
One more field is needed.
In gravity no new field needed. Simplest linear realization would
keep the same fields but relax constraints.
In linear realization, unbroken phase can be realized,
but difficult to write actions that make sense in both phases.
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Some quantum calculations in MAG

The RG for Palatini/Holst action
J.-E. Daum, M. Reuter, Phys.Lett.B 710 (2012) 215-218, e-Print: 1012.4280
[hep-th]

The RG for the general dimension-2 Lagrangian
C. Pagani and R.P. Class.Quant.Grav. 32 (2015) 19, 195019, e-Print:
1506.02882 [gr-qc]

The RG for non-integrable Weyl theory
C. Pagani and R.P. Class.Quant.Grav. 31 (2014) 115005, e-Print: 1312.7767
[hep-th]

All non-universal results.
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Very recently

The beta functions generated by the Lagrangian

c1LFF
1 + a1LTT

1

with
LFF

1 = FabcdF abcd , LTT
1 = TabcT abc

have been calculated by
O. Melichev, PhD thesis, SISSA 2023
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In Einstein form

L = a1TµνρTµνρ

+c1

[
RµνρσRµνρσ + 5Rµν∇ρTρµν

+
3
2
∇αTµνρ∇αTµνρ +∇αTµνρ∇αTµρν

+∇αTαµν∇β(T βµν + T βνµ)− 1
2
∇αTµαν∇βTµβν

+2∇αTαµν∇βTµβν
]

+O(R∇T ) + O(TT∇T ) + O(TTTT ) .
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A technical point

The Hessian contains

a1Xµν(−∇̄2gνσ+∇̄σ∇̄ν)Xµ
σ+c1Zµ

ρσ(−∇̄2gµν+∇̄ν∇̄µ)Zνρσ+. . .

Both in YM theory and in GR, such terms are removed by
choosing Lorentz gauge (∂µAµ), resp. De Donder gauge
with gauge parameter α = 1 (Feynman gauge).

If we use metric formalism, can eliminate one nonminimal term
choosing the gauge ∇̄µXµ

ν = 0, but not the other.
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Gauge fixing

Working in tetrad formalism

SGF =

∫
d4x

√
|g|

[
a1

αD
(∇̄µXµ

ν)
2 +

c1

αL
(∇̄µZµab)2

]
=

∫
d4x

√
|g|

[
− a1Xµν∇̄σ∇̄νXµ

σ − c1Zµ
ρσ∇̄ν∇̄µZνρσ

+a1XµνR̄νσXµ
σ − a1XµνR̄µρνσXρσ

+c1ZµαβR̄µσZσ
αβ − 2c1ZµαβR̄µρασZρσ

β
]
.

and choosing αD = αL = 1 eliminates all nonminimal terms.
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Gauge fixed Hessian

Rescaling

X a
µ → 1√

a1
X a

µ , Zµ
a

b → 1√
c1

Zµ
a

b

and performing some integrations by parts,
one can write the gauge-fixed Hessian in the form

(
X Z

)(−∇2 + Vµ
XX∇µ + WXX Vµ

XZ∇µ + WXZ
Vµ

ZX∇µ + WZX −∇2 + Vµ
ZZ∇µ + WZZ

)(
X
Z

)
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Ghost action

Sgh =

∫
d4x

√
ḡ
[
Σ̄(δQL

Σ χL + δ̃QD
C χL) + C̄(δQL

Σ χD + δ̃QD
C χD)

]
=

∫
d4x

√
ḡ
(
Σ̄ C̄

)(∆LL ∆LD
∆DL ∆DD

)(
Σ
C

)
,

(∆LLΣ)
α
β = ∇̄2Σα

β + ∇̄ν(K̄ν
α
γΣ

γ
β − Σα

γK̄ν
γ
β)

(∆LDC)αβ = ∇̄ν(F̄ρν
α
βCρ)

(∆DLΣ)
α = ∇̄νΣα

ν

(∆DDC)α = ∇̄2Cα + ∇̄ν(Kρ
α
νCρ)
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Log divergences

For an operator of the form −∇̄2 + Vµ∇̄µ + W
the logarithmically divergent part of Tr logO is

− 1
(4π)2

∫
d4x

√
g
[

1
180

(
R̄µνρσR̄µνρσ − R̄µνR̄µν + 5

2 R̄2
)

trI

+1
2 trW 2 − 1

2 trW ∇̄µVµ + 1
4 tr WVµVµ

−1
6 R̄ trW + 1

12 R̄ tr∇̄µVµ − 1
24 R̄ trVµVµ

+ 1
12 trΩµνΩ

µν − 1
6 trΩµν∇̄µV ν + 1

24 trΩµν [Vµ,V ν ]

+1
8 tr∇̄µVµ∇̄ρV ρ − 1

8 tr∇̄µVµVρV ρ + 1
32 trVµVµVρV ρ

+ 1
24 tr(∇̄µVν − ∇̄νVµ)∇̄µV ν − 1

24 tr ∇̄µVν [Vµ,V ν ]

+ 1
192 tr [Vµ,Vν ][Vµ,V ν ]

]
.
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Log divergences in Einstein form

−1
2

1
(4π)2

∫
d4x

√
g
[

239
60

HRR
1 +

103
30

HRR
2 − 7

4
HRR

3

+
299
24

HRT
3 − 13

12
HRT

5

+
9
4

HTT
1 + 2HTT

2 − 2HTT
4 +

7
6

HTT
5

−35
24

HTT
6 − 15

4
HTT

7 + 3HTT
8 +

7
6

HTT
9 + . . .

]
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Log divergences in Cartan form

−1
2

1
(4π)2

∫
d4x

√
g
[

76
15

LFF
1 +

107
60

LFF
3 − 86

15
LFF

4

+
137
30

LFF
7 − 17

15
LFF

8 − 7
4

LFF
16

−91
10

LFT
1 +

13
3

LFT
8 − 93

10
LFT

9 − 39
5

LFT
13

+
19
30

LTT
1 − 1

5
LTT

2 − 47
30

LTT
3 +

32
15

LTT
5 + . . .

]
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Lessons

A single dimension-4 term in the action generates all the
others.
However, all the new terms can be removed by field
redefinitions acting on a1TT . In Einstein form

δT = ∇∇T → ∇T∇T
δT = ∇R → R∇T
δT = RT → RTT

δT = T∇T → TT∇T
δT = TTT → TTTT
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Summary

MAG contains many modified theories of gravity
(dark matter vs. modified gravity)
gravitational Higgs phenomenon gives mass to the
connection and explains why we have the Levi-Civita
connection at low energy
if some d.o.f. of the connection are light, MAG as an EFT is
different from the theory of gravitons
need understanding of propagating d.o.f.
quantum behavior still largely unexplored
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